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We have investigated droplet nucleation and bubble cavitation in the quantum fluid helium-3 based
on a nonlocal density-functional approach. A marked effect of droplet ~or bubble! curvature on the
rate of droplet nucleation or cavitation has been found. Without considering this curvature effect ~as
in the classical theory of nucleation! the droplet nucleation rate for helium-3 could be
underestimated ~i.e., near 1 K! or overestimated ~i.e., near 2.5 K! by orders of magnitude,
respectively; for bubble cavitation, the rate could be underestimated by more than twenty orders of
magnitude ~near 1 K!. © 1996 American Institute of Physics. @S0021-9606~96!51710-4#
I. INTRODUCTION
Recent experiments on bubble cavitation in superfluid
helium-41,2 have stimulated new theoretical investigations of
thermal nucleation in helium fluids.3–5 Homogeneous cavita-
tion is known to be difficult to achieve in the laboratory
because a trace amount of impurity in liquids can trigger the
heterogeneous cavitation. Liquid helium is an ideal system
for studying homogeneous cavitation due to its unique prop-
erties at low temperature. For example, only helium can
maintain the liquid state even at absolute zero temperature
and ambient pressure, whereas all other materials crystallize,
which renders liquid helium almost impurity-free.
Helium has two isotopes, helium-3 and helium-4: the
latter is a superfluid below 2.1 K. Recent experiments indi-
cate that for a helium-4 superfluid, thermal cavitation may be
preempted by quantized-vortex-induced cavitation.2 There-
fore, if one were to study thermal fluctuation-induced homo-
geneous cavitation, helium-3 would be a more suitable sys-
tem since it becomes a superfluid only below 2.7 mK.
We have investigated thermal cavitation as well as drop-
let nucleation of helium-3 at low temperatures ~1 K–2.5 K!.
Some preliminary results have been presented elsewhere;6
here we show the completed work. We note that thermal
cavitation of helium-3 has been studied by Guilleumas and
co-workers4 using a square-gradient density-functional ap-
proach that was developed earlier by others.7 Their func-
tional uses five adjustable parameters to fit bulk properties of
liquid helium and liquid–gas interfaces. The effect of curva-
ture on the nucleation droplet and bubble is properly treated
in that theory. They found that the nucleation barrier ap-
proaches zero near the spinodal; at high temperatures the
classical nucleation theory yields results close to density-
functional theory while at low temperatures the discrepancy
between the two theories is very large.
In this work we use a nonlocal density-functional ap-
proach, originally developed by Dupont-Roc et al.8 We ex-
tend their theory to study helium-3 fluid at finite tempera-
tures. The advantage of the full nonlocal approach over the
square-gradient one is three-fold: ~i! more realistic molecular
interactions, i.e., the finite-range nature of the Skyrme
interaction7 as well as the Lennard-Jones interatomic poten-
tial for inert gas elements, is incorporated; ~ii! asymptotic
behavior of surface profiles can be correctly described
~which is power law behavior, as opposed to the exponential
behavior predicted from the local density functional theory!;9
and ~iii! the nonlocal theory can be readily extended to study
solid surface-induced heterogeneous nucleation. It is well
known that local density-functional theories cannot predict
correct fluid structures ~i.e., density profile! for a fluid near a
solid.10
II. THEORY OF NUCLEATION
A. The classical approach
The development of nucleation theory can be traced
back to the twenties. Becker and Do¨ring11 were the first to
develop a theory for gas–liquid nucleation. That theory in-
vokes the capillarity approximation in which the free energy
of formation of a critical nucleus is calculated by treating the
droplet as macroscopic with bulk and surface free energies
relative to the background vapor. Under this approximation
the effect of droplet curvature on the rate of nucleation is not
taken into account. In that theory the free energy of forma-
tion for a critical droplet is given by
DVCL* 5
16pg3
3Dp2 , ~1!
where Dp5pl2pv is the pressure difference between the
liquid droplet and the vapor, and where the surface free en-
ergy g is estimated from the surface tension of an equilib-
rium planar liquid–vapor interface. If the liquid is assumed
to be incompressible and the gas to be ideal, the pressure
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difference can be related to the supersaturation S5pv/Pcoex
~pcoex is the gas–liquid coexistence pressure at temperature
T! through the equation:
Dp5r lkBT ln S . ~2!
The corresponding rate of droplet nucleation per unit volume
can then be computed from the relation
JCL5J0e2DVCL* /kBT. ~3!
Here J0 is the preexponential factor and can be calculated
via18
J0'
rv
2
Sr l
A 2g
pm
, ~4!
where m is the atomic mass and rv , rl are gas and liquid
coexistence densities at equilibrium.
B. The density-functional approach
In the density–functional approach,8 the grand canonical
free energy of a helium-3 fluid is written as a functional of
the density r(r!:
V@r#5Fquan@r#1F int@r#2mE drr~r!, ~5!
where m is the chemical potential, Fquan accounts for the
quantum contribution:
Fquan5E drS \22m u¹fu21 f idD ~6!
where the wave function f(r!5@r~r!#1/2 and f id is the free
energy density of an ideal Fermi gas; F int accounts for inter-
actions and correlations between helium-3 atoms:
F int5
1
2 E E drdrr~r!r~r!Vl~r!1 12 cE drr~r!
3@r¯ ~r!#11d, ~7!
where d is the Skyrme parameter7 and r¯~r! is the weighted
density. For helium, it is natural to take for the interatomic
potential Vl the Lennard-Jones potential,
Vl5 H 4e~x2122x26! for ur2r8u>h4Vl~h4!~sx/h4!4 for ur2r8u<h4 ~8!
where e/kB510.22 K, s52.556 Å, h4 is the screening dis-
tance, and x5ur2r8u/s. Dupont-Roc et al.8 defined the
weighted density over a sphere of radius h4 centered at r.
The weighted density functional is particularly important for
solid–liquid interfacial problems.12 For the gas–liquid inter-
facial problem ~a weakly inhomogeneous system!, on the
other hand, replacing r¯ (r! by r(r! will give essentially the
same result.10 h4 , c , and d are adjusted to reproduce the
measured phase equilibria,7 giving the value h452.370 Å,
c59.302923106 K Å3~11d!, and d52.668. The equilibrium
density profiles can be determined by applying the varia-
tional principle to Eq. ~5!, that is,
dV/dr~r!50. ~9!
The resulting density profiles, in turn, can be substituted into
Eq. ~5! to compute the planar surface tensions g.
The rate of nucleation is given by
JDF5J0e2DVDF* /kBT, ~10!
where J0 is the preexponential factor and DVDF* is the free
energy formation of a critical droplet or bubble and is of
central concern in nucleation theories because it controls the
nucleation rate. DVDF* can also be determined from Eq. ~9!
since in functional space the critical droplet or bubble corre-
sponds to a saddle point.
III. RESULTS
A. Bulk and interfacial properties
For a uniform density, Eqs. ~6! and ~7! give the free-
energy density
f5 f id~r ,T !1
b
2 r
21
c
2 r
21d
, ~11!
from which one can also derive the chemical potential
m5m id1br1S 11 d2 D cr11d, ~12!
and the pressure ~equation of state!
p5pid1
b
2 r
21
c
2 ~11d!r
21d
. ~13!
At a given temperature T , the gas–liquid coexistence densi-
ties of helium-3 can be determined by solving the equations
m l~r l ,T !5mv~rv ,T !, ~14!
pl~r l ,T !5pv~rv ,T !. ~15!
The calculated coexistence densities are shown in Fig. 1,
together with the densities from experiment.13 Like typical
mean-field theory, the present theory overestimates the criti-
FIG. 1. Liquid–gas coexistence densities at equilibrium. The line is from
experiments13 and the dots are from the present theory.
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cal temperature ~3.324 K!. However, below the critical tem-
perature ~1–2.5 K! the predicted coexistence densities agree
with the measured densities very well. In this study our focus
will be on helium-3 nucleation at temperatures ranging from
1 K to 2.5 K.
We have also investigated planar interfacial properties,
including density profiles and surface tensions. These can be
obtained by solving the integro-differential equation derived
from Eq. ~9!, which is the right hand side of Eq. ~16! with
the left hand being zero:
i\
]f
]t
52
\2
2m ¹
2f1U~r,t !f1~Vext2m!f , ~16!
where
U~r,t !5E drr~r,t !Vl~ ur2r8u!1 c2 ~21d!r11d1m id .
~17!
Following Dupont-Roc et al. we used the ‘‘imaginary time-
step method.’’8 In essence, this method is to seek solutions of
Eq. ~9! by adding an imaginary time derivative term on the
left hand side of Eq. ~9! ~replacing the zero!, which gives rise
to Eq. ~16!; however, the static solutions of this newly con-
structed dynamic equation should be the same as those of the
original Eq. ~9!. In fact, Eq. ~16! is a time-dependent Schro¨-
dinger equation which can be formally derived by minimiz-
ing the action * t0
t1L(t)dt where
L~ t !5E drS f* i\2 ]f]t 1f i\2 ]f*]t D2F@r#
2E dr~Vext2m!ff*. ~18!
We summarize the method as followings: One starts with an
initial guess f0 , chooses a time step Dt , and iterates the
recursion relation fn115exp(2HDt)fn'[12Dt(2\2/
2m¹21U)]fn ~H is the Hamiltonian!. The ground-state ei-
genvalue of H is the large n iteration limit of En which is
given by En'1/Dt(12^fnufn11&/^fnufn&). As shown by
Dupont-Roc et al. a sensible choice for Dt is 0.1 m(Dz)2/4\2
where Dz is the distance of the mesh in r space ~the interface
is perpendicular to the z-direction!. The density profile of an
interface can then be determined via r(z)5f(z)f*(z). The
resulting density profiles at various temperatures are shown
in Fig. 2. Substituting these density profiles into Eq. ~5! we
computed the surface tensions via the relation g5(V1pV)/
A , where V is the volume and A is the area of the interface.
The calculated surface tensions are displayed in Fig. 3, to-
gether with the measured values.14 We found that the agree-
ment between the calculation and experiments is quite rea-
sonable.
B. Droplet and bubble nucleation
In classical nucleation theory the density profile of a
nucleation droplet is assumed to be a step function with zero
width. This is obviously an oversimplified picture for the
interface. In the present theory this assumption is removed
and the density profile of the critical droplet is determined by
solving Eq. ~9!. The imaginary time-step method was used in
conjunction with one more loop of iteration,15 due to the fact
that the critical droplet is intrinsically unstable and could
either grow or shrink. Although the true solution for the criti-
cal droplet should be independent of number of iterations,
the second loop of iteration is required to search for the
‘‘physical’’ solution. Fig. 4~a! is a plot of the calculated free
energy of formation DVDF* of the critical droplet as a func-
tion of chemical potential change Dm5m2mcoex ~character-
izes the degree of supersaturation!. The chemical potential
change is obtained by fixing JCL51 cm23 s21. With the same
Dm, we calculated the density profiles at various tempera-
FIG. 2. The density profiles of the equilibrium planar interface at tempera-
ture T50.5 K ~solid curve!, 1.0 K ~long dashed curve!, 1.5 K ~dashed
curve!, 2.0 K ~dotted curve!, and 2.5 K ~dotted-dashed curve!.
FIG. 3. The planar gas–liquid surface tension vs temperature. The dots are
calculated from this theory and the line is from experimental measurement
~Ref. 14!.
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tures @Fig. 4~b!# and the number of atoms in a critical droplet
@Fig. 4~c!#. Typically, the latter ranges from hundreds
~around 1 K! to thousands ~around 2.5 K!. Next, we calcu-
lated JDF as well as the temperature dependence of the ratio
JCL/JDF ~we used the same preexponential factor J0 in both
classical and density-functional theory since it is a much
weaker function of temperature4,16!. Results are shown in
Fig. 5, where JCL is again fixed at 1 cm23 s21. We found that
the classical theory overestimates the rate by two orders of
magnitude at T52.5 K and underestimates the rate by eight
orders of magnitude at T51.0 K.
We have also investigated the bubble nucleation ~cavita-
tion! of helium-3 liquid. In this case the chemical potential
change Dm is negative, the density profile of a bubble has a
gaslike density at its center and a liquidlike density outside.
The free energy of formation against the chemical potential
change is plotted in Fig. 6~a! and the density profiles of
critical bubbles at various temperatures are plotted in Fig.
6~b!. Finally the temperature dependence of JCL/JDF is
shown in Fig. 7. Here we found considerably larger curva-
ture effects on bubble nucleation and we note that the clas-
sical theory could underestimate the rate by more than
twenty orders of magnitude at 1 K. Indeed, this study con-
firms that the curvature effect cannot be neglected for 3D
liquid–gas nucleation.1,4,15
The tensile strength of a liquid is related to bubble nucle-
ation. The tensile strength (Pn) characterizes the negative
pressure a liquid can sustain before bubbles nucleate. Maris
and Xiong1 proposed an empirical criterion to determine the
tensile strength: the liquid is likely to break down when
JexpVlt;1, where Jexp is the measured bubble nucleation
rate, Vl the liquid volume, and t the duration of the negative
pressure pulse. The product of liquid volume and time Vlt is
taken to be ;10214 cm3 s by Xiong and Maris.1 Using this
criterion we have estimated the tensile strength of a helium-3
liquid at 1.5 K ~where JDF;1014 cm23 s21! to be about 21.2
bar. This closes to 21.3 bar from the square-gradient
density-functional theory.4,19 In contrast, the tensile strength
calculated from classical theory is 21.67 bar ~at 1.5 K!.
FIG. 4. ~a! The free energy of formation of a critical droplet as a function of
chemical potential change Dm ~such that JCL51 cm 23 s21!. ~b! The density
profile of critical droplets at temperature T51.0 K ~solid curve!, 1.5 K ~long
dashed curve!, 2.0 K ~dashed curve!, 2.5 K ~dotted curve!. ~c! The number
of helium-3 atoms in a critical droplet as a function of temperature.
FIG. 5. Ratio of gas-to-liquid nucleation rates ~classical theory to density
functional theory! vs temperature.
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IV. DISCUSSION AND CONCLUSION
We have studied gas-liquid nucleation for quantum fluid
helium-3 using a nonlocal density-functional theory. This
theory has the advantage that effects such as curvature de-
pendence of the surface tension appear naturally and
molecular-level detail can be incorporated if an accurate
enough functional is employed. In this work we found typi-
cal nucleation droplets to be strongly curved and quite small,
consisting of several tens to several hundreds of atoms @Fig.
4~c!#. Most of the atoms are at the interface @Fig. 4~b!#.
Therefore, one expects that the curvature of the nucleating
droplet should play an important role in nucleation and use
of a planar surface tension and a sharp separation between
interface and bulk ~as in classical nucleation theory! are
questionable.
We showed that without taking into account the curva-
ture effect the predicted droplet nucleation rate could be off
by orders of magnitude; even worse predictions result for
bubble nucleation. The conclusion is the same as that from
square-gradient density-functional calculations.1,4 Obviously
quantitative examination of this prediction must await ex-
periments for helium-3. Nonetheless, we can still make some
qualitative comparisons with the experiments for n-nonane
nucleation.17 We found our results are consistent with the
data summarized in Ref. 17, that is, the temperature depen-
dence of the rate ratio JCL/JDF for helium-3 looks much the
same as that of JCL/Jexp for n-nonane in Ref. 17. This is
perhaps the most significant result of the present work.
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